Abstract: In this paper an anti-slip predictive controller is designed and implemented in order to control the rear wheels of a V-PRA (Variable Powered Rear Axle) vehicle. The control algorithm is EPSAC, a Model based Predictive Control (MPC) strategy. It uses explicitly a model of the system for the prediction of the future system output, in order to calculate the optimal control input which will bring the system to a required setpoint. The main goals of this predictive controller were setpoint trajectory following, disturbance rejection and maintain overall the stability of the V-PRA vehicle. Although the process is nonlinear, being influenced by several parameters, linear discrete-time ARX models could be obtained based on system linearization around an operating point. An initial SISO controller was developed and tested, based on a Simulink model of the process. The control performances were tested successfully in presence of all kind of disturbances, denoting a robust controller.
INTRODUCTION
As vehicles and self-propelled machinery get heavier, larger, and faster, they need more power, better control, and stable hydraulic pressure to perform demanding work functions. The increase of the productivity can be done only by developing suitable work methods. Most studies on productivity have concentrated on technical aspects and possible improvements of the vehicles. The demands of private contractors in the industrialized countries are high and their requirements include the development of highly automated machines with high capacity and which are also simple to operate.
Traction, braking and stability control of the automotive systems are mostly represented by the wheel slip control. Wheel slip dynamics depends on the system parameters, road conditions, vertical load and vehicle speed. The main difficulty arising in the controller design is the high nonlinearity of the system and the presence of disturbances and parameter uncertainties (Amodeo et al., 2010) . The road conditions have an influence on the adhesion coefficient between road and tire, which, in turn, influences the traction force, next to the slip and normal force acting on a wheel (Kachroo and Tomizuka, 1994) . The road slope influences the vehicle dynamics and the control problem becomes more difficult when the vehicle starts on a slope (Yang et al., 2004) . Several control schemes have been proposed in the literature to deal with the slip problem. A wheel slip controller for ABS brakes was formulated using an explicit constrained LQR design (Petersen et al., 2001) . Later, using MPC techniques, optimal brake torque for the ABS system have been computed to keep the slip level to a required setpoint (Yoo and Wang, 2007) . Sliding mode techniques have been preferred in the automotive systems because of their ability to deal with parameter uncertainties and disturbances (Hong et al., 2006; Amodeo et al., 2010) . Another approach, applied on electrical cars, was based on adding two more electrical motors on the rear wheels to increase the stability by independent control (Mutoh, 2010; Foito et al, 2008) . The experimental results on test vehicles showed the effectiveness of the wheel slip controllers and the increase in performance of the vehicles.
A recent approach to increase the traction power of selfpropelled industrial vehicles consists of adding two more variable displacement hydraulic motors to the system for connection to the rear wheels of the vehicle, resulting in a V-PRA vehicle ("Variable Powered Rear Axle"). In the present work, an anti-slip predictive controller was designed and implemented in order to control the slip of the rear wheels. The main objective of this predictive controller included setpoint trajectory following, disturbance rejection and maintain overall the stability of the V-PRA vehicle. The control algorithm is EPSAC (Extended Prediction SelfAdaptive Control) (De Keyser, 2003) , a Model based Predictive Control (MPC) strategy, which explicitly uses a model of the process for prediction of the future system output, in order to calculate the optimal control input. Since the hydraulic motors are subject to hard constraints, MPC techniques are preferred in designing the controller, because of their ability to deal with constrained control. Linear discrete time ARX models were obtained, based on system linearization around an operating point. The control performances were tested successfully based on a Simulink model of the V-PRA vehicle.
The paper is organized as follows: Section 2 describes the system to be controlled; the EPSAC controller algorithm is briefly discussed in Section 3; Section 4 illustrates the identification and controller experimental results and at the end conclusions are drawn.
SYSTEM DESCRIPTION
The hydraulic system of a V-PRA vehicle comprises one hydraulic pump driven by a diesel engine and three hydraulic motors (Fig 1a) . Two hydraulic motors are connected to the rear wheels (rear right RR, rear left RL) through a fixed ratio transmission and the third motor is connected to the front wheels (front left FL, front right FR), through a multiple ratio gearbox. The hydraulic pump in the system is a variable displacement pump (axial piston pump). By changing the angle of the swash-plate, the stroke of the pistons can be varied continuously. The variation of the pump swash-plate can take values between -100% to 100%. If the swash-plate is perpendicular to the axis of rotation (0%), no fluid will flow. If it is at a maximum sharp angle (100%,-100%), a large volume of fluid will be pumped. The positive values are set for driving forward and the negative values for driving backwards. The hydraulic motors, connected to the rear wheels, have variable displacement (from 0% to 100%) and the front motor has a fixed displacement (100%). The total flow (Q), supplied by the pump, is divided over all three motors ( , , ), according to their displacements.
The V-PRA vehicle is a complex dynamical system. It is a MIMO system, with 3 inputs (the variable swash-plates of the rear hydraulic motors and of the pump) and 4 outputs (the slip level for all 4 wheels of the vehicle) (Fig 2) . It is also a nonlinear system, being influenced by disturbances (d) like ground surface conditions and the weight loaded. The nonlinear MIMO model can be expressed in the state space form:
where f and g are nonlinear functions, with x the system states, u the plant inputs, y the controlled output and d the system disturbances. This model was implemented in Matlab/Simulink and used to obtain a simplified model for the V-PRA vehicle. The simplified model was used to design the controller, the full model was then used to test the controller. Details about the full vehicle model cannot be presented due to non-disclosure agreements; moreover these details are not essential for this paper. From the category of ground condition factors we used the slope of the ground surface β, the tire materials and ground surface (mud, ice, dry asphalt, wet asphalt), which have a big influence over the rolling resistance factor and the relation between the slip value λ and the friction coefficient μ (λ-μ characteristic) (Fig 3) . The aerodynamics force, influenced by the weather conditions, can be considered null.
Wheel slip is chosen to be the controlled variable of the system because it has a strong influence on the traction force between the tire and the road. Vehicle traction force (Fig 1b) :
depends directly on the friction coefficient μ between road and tire, which in turn depends on the wheel slip λ and the road conditions (Kachroo and Tomizuka, 1994) . The normal force FN depends on the mass m of the vehicle (including the weight loaded), the center of gravity of the machine, and the steering and suspension dynamics. Fig 3 shows the relation between the slip value and the friction coefficient depending on the road conditions. They are also influenced by the speed of the machine v or the load m.
Fig. 3. λ-μ characteristics
Wheel slip is a nonlinear function of the wheel velocity * ( being the angular speed of the wheel and R being the radius ) and the vehicle velocity v:
Because the slip changes the gain sign, when driving forward or backwards, a new variable is introduced in the system for the rear wheels. The SlipTilda ̃ is a variable derived from original formula of the slip. The linear speed of the vehicle is replaced by the speed of the front wheels, resulting in:
The system is very sensitive to all kinds of variation of the ground surface. Different slope β or rolling resistance factor significantly affect transient and steady state values for all the system variables. The λ-μ characteristics (Fig 3) have a big influence over the slip values of the wheels. If slip occurs in the unstable part, then the system will act unstable. This is one of the situations that must be avoided when tuning the controller. We cannot know for sure when the slip will enter the unstable part.
EPSAC CONTROLLER
Model based Predictive Control is conceptually a natural method for generating feedback control actions for linear and nonlinear plants subject to pointwise-in-time input and/or state-related constraints (Rossiter, 2003) . Based on the past inputs and outputs, but also on the future control scenario (the control actions that we intend to apply from the present moment t on), at each moment of time t, the process output is predicted over a time horizon. A reference trajectory is defined over the prediction horizon, in order to force the process output to follow a predefined trajectory. This information is used by the controller in order to provide the optimal control input vector, according to a predefined optimization cost function.
A specific approach to MPC strategy is the EPSAC algorithm, which is briefly presented in the next section.
EPSAC approach to MPC
It was developed in early 1980's and since then it has been continuously refined and applied to many technical and nontechnical systems (De Keyser, 2003) . EPSAC considers the process output predictions as being the sum of 2 parts: a term which is independent of the future control actions and a term which depends linearly on the future control actions. This allows to obtain an analytical solution in the case of unconstrained control, or a well-known quadratic programming solution in the case of constrained control.
The model output x(t) represents the effect of the control input u(t) on the process output y(t) and it can be described by the following equation (linear or non-linear) (notice that x represents here the model output, not the state vector):
The generic model of the EPSAC algorithm is:
where y(t) is the process output, x(t) is the model output and n(t) is the disturbance, all at discrete-time index t. The disturbance n(t) can be modeled through a filter with the transfer function n( ) = 
The predicted values of the output y(t+k|t), at time t are: 
The first term represents the effects of the past control scenario and the predicted disturbance
and the second term represents the effect of the optimizing future control scenario { ( + | ), = 0. . − 1} which can be regarded as a series of impulse responses and a step response ( is the control horizon 1 ≤ ≤ 2 ). This term will be represented with two matrices U and G:
where , 1 ≤ ≤ 2 , are the coefficients of the unit step response and ℎ , 1 ≤ ≤ 2 , are the coefficients of the unit impulse response of the system.
The key EPSAC-MPC equation is:
The controller task is to find the optimal control input vector which minimizes the cost function:
where r is the reference trajectory. The optimal input solution of the EPSAC algorithm can be written in the matrix form:
where R is the matrix notation for the reference trajectory.
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A former analysis of stability and robustness of EPSAC controller can be found in (De Keyser, 2003) .
Constrained control
In the previous section the control problem was formulated assuming that all signals had an unlimited range. But this is not a realistic approach because in practice all process signals are subject to constraints. The system usually operates close to the limits and for this reason constraint violation is likely to occur. The presence of constraints is taken into account during the calculation of the solution, leading to the best results. Input constraints have the form: ≤ (. |. ) ≤ �, where and � are the minimum and the maximum values that the input can have. Sometimes it can happen that the algorithm will not find any solution inside the constraints region. This situation may occur, in steady state, for unrealistic specifications regarding the output values that can not be reached under the input conditions, or, in transient, when for a large reference change or a perturbation, one of the variables is forced outside its permitted zone.
EXPERIMENTAL RESULTS
In this section, the performance of the EPSAC strategy is evaluated and discussed for setpoint and disturbance rejection cases. Although EPSAC strategy works also with prediction on a nonlinear model, the purpose is to test the system around a chosen setpoint using linearized models.
An initial development of a SISO controller was implemented to control the slip of the rear wheels ̃(̃) , the optimal control signal being applied to the rear swashplates of hydraulic motors ℎ ( ℎ ). It is desired that all the hydraulic motors and the engine work at full power (swash-plates at 100%). Just one input is manipulated ℎ and the other two are kept constant ℎ = −100% and ℎ = 100% (Fig 2) . The controller is built using a linearized model of the process around 75% of the RR swash-plate. Ground surface conditions are also important because they determine the level of slip over the rear wheels. Driving on a slope, slip level will be higher and the chance to arrive in the unstable part of the λ-μ curve (Fig  3) will increase. The control performances were tested using the full Simulink model of the V-PRA vehicle, with block scheme represented in Fig 2. 
Model identification
For predictive control a process model must be available. The identification was made using the Simulink model of the V-PRA vehicle. A black-box model identification was chosen because of the complexity of the system. The identification signals, ℎ and ̃, were obtained using as input a PRBS signal (Pseudo-Random Binary Sequence) (Fig 4) , applied around an operating point ( ℎ = −100%, ℎ = 100%, β=-10% -driving uphill backwards; =4, λ-μ=100% -dry asphalt, no weight loaded). Using the System Identification toolbox of Matlab, discrete time ARX models were generated. The ARX model obtained is a linear difference equation that Fig. 4 . PRBS signal relates the input u(t) to the output y(t) as follows:
Considering the presented system, u(t) represents the displacement of the rear right RR hydraulic motor and y(t) is the SlipTilda of RR wheel ̃. The estimation of the ARX model is the most efficient of the polynomial estimation methods because it is the result of solving linear regression equations in analytic form. Moreover, the solution is unique. In other words, the solution always satisfies the global minimum of the cost function. The ARX model therefore is preferable, especially when the model order is high.
For model validation a staircase input was considered (Zhu and Backx, 1993) . The input swash-plate was progressively opened from 0% to 100%, using 10% steps, around the considered operating point. The staircase input was then applied to the Simulink model of the V-PRA vehicle. The output response of this signal was then divided, to each step corresponding response, and scaled to zero. These processed parts were then represented on the same graphic, providing the dynamic characteristics from Fig 5a. The range of the identified model can be established using these dynamic characteristics.
Fig. 5. a) Dynamic characteristics; b) Model identification
The step response obtained for 70% to 80% of the RR swashplate was used for validation (around the chosen operating point). As it can be seen in Fig 5b , the identified ARX model response tracks successfully the step response of the process.
EPSAC controller
The control signal, calculated according to the considered control law and the identified model, was applied to the complex Simulink model. The controller will be tested first around the linearization point and then several disturbances will be applied over the inputs and outputs of the system.
b) a)
Before starting the controller, the system was brought in steady state around operating point: ℎ =70%, ℎ =100% and ℎ =-100%. Slope of the ground was kept constant at β=-10% (driving uphill backwards, which is the most challenging for real-wheel slip), =4 and λ-μ=100% (dry asphalt, no weight loaded). The λ-μ curves are represented as lookup tables. Based on the dynamic characteristics of the process, the sampling period was set to Ts=40ms. In the implementation was used constrained control since the process is subject to the input constraints. The swash-plate of the rear motors can vary only between 0(0%) and 1(100%).
Setpoint test
First the algorithm was tested without disturbances, only around the chosen setpoint. The EPSAC controller has several design parameters which can be tuned to have a good performance for the controller: 1 , 2 ,
. Because the considered system has no time delay 1 =1, is considered by default 1. In order to find the best values for the prediction horizon 2 , the EPSAC controller was tested for different values of 2 ; the best performance was obtained for 2 =50, the transient behavior then being predicted for 2 seconds. The result is good given the high nonlinearity of the system, denoting a robust controller (Fig 6) . 
Disturbance rejection
To evaluate the controller performance, different disturbances were applied to the process. The system is sensitive to eachone of these changes. We expect that the SISO linear controller will work only in a small range due to this fact.
Different λ-μ characteristics
Depending on the steepness of the λ-μ characteristic (Fig 3) , the real slip level on the wheels will change during the vehicle operation. For the same friction coefficient, the slip value will be different. In some cases, if the slip goes beyond stability, a lack of balance will be produced in the system causing dangerous situations.
A step from 100% to 20% of λ-μ curve is a huge change causing instability in the system. Because the slip value for the RR wheel will increase too much, all of the power of the hydraulic motors will be "absorbed" by the RR one. This is one of the situations that must be avoided when tuning the controller. In Fig 7 we can see that, in 2 sec, the system is brought back to the reference. The RR swash-plate is decreased by about 40%, so that the SlipTilda can stabilize on the desired value. Fig. 7 . Process output and control signal in presence of big disturbance in the λ-μ characteristic (100%-->20%)
Different rolling resistance factor
Rolling resistance has a big influence over the pressure value in the system, which causes important modifications in the dynamic characteristics (Fig 5a) . The controller is built considering =4. For a disturbance =1, the controller decreased the swash-plate of the rear right hydraulic motor, so that the output could be on the trajectory again (Fig 8) . 
Different road slope
The road slope has a big influence on weight distribution, which causes modification in the transient response of the variables and on the steady state values. The controller is built assuming β =-10% (a usual slope of the ground) . The response of the controller is prompt at small changes of β (-9% and -11%) (Fig 9) . For β <=-8% and β >=-12%, the results were not so good because of the gain variation. Some kind of gain scheduling or adaptation strategy will be necessary in such case. Fig. 9 . Process output and control signal in presence of slope disturbance (β =-11%)
Different positions of the pump swash-plate
The influence of the pump swash-plate ℎ is not as important as changes in ground surface conditions. Due to this fact, even for huge disturbances ( ℎ : − 100% → −20% ), the reaction of the controller will be fast, SlipTilda being on the reference again in only few seconds (Fig 10) . 
Disturbances applied to manipulated signal
The standard situation for this case is ℎ =80%. Starting from this point, the controller will still manage to bring back the system on the reference for modification of ℎ between 60% and 100% . Fig 11 represents the case when ℎ is decreased from 80% to 60%. The experimental results indicated that the controller managed to successfully track the reference and reject the disturbances, denoting a robust controller.
CONCLUSIONS
This paper demonstrated the implementation of an anti-slip controller, for setpoint trajectory following, disturbance rejection and maintenance of the overall stability of a Variable Powered Rear Axle (V-PRA) vehicle. The control algorithm was EPSAC, a Model Predictive Control (MPC) strategy.
Several cases of real-life disturbances have been considered in order to evaluate the performance of the control system. The purpose for every case discussed was to keep the output of the system on the trajectory. In every case the controller managed to bring the system back to the trajectory in few seconds, denoting a robust control system.
The ultimate goal is to keep the swash-plates as much opened as possible in order to have full power on every motor. For that, the reference should be adapted based on the parameters of the vehicle and of the ground. Future research will include development of a headmaster controller to set the new trajectories.
Future investigation will include also the test of two SISO controllers in parallel (one controller for each rear axle hydraulic motor). Because of the high degree of coupling via the oil pressure, we can expect that these 2 controllers will have a big influence on each other, possibly leading to an unstable system; in that case the use of MIMO EPSAC MPC approach will be the following step in the development.
